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The spin-orbit coupled degenerate Fermi gas provides a new platform to realize topological superflu-
ids and related topological excitations. However previous studies are mainly focused on the topological
properties of the stationary ground state. Here we investigate the quench dynamics of a spin-orbit coupled
two-dimensional Fermi gas, in which the Zeeman field serves as the major quench parameter. Three post-
quench dynamical phases are identified according to the asymptotic behavior of the order parameter. In
the undamped phase, a persistent oscillation of the order parameter may support a topological Floquet
state with multiple edge states. In the damped phase, the magnitude of the order parameter approaches
a constant via a power-law decay, which may support dynamical topological phase with one edge state at
the boundary. In the over-damped phase, the order parameter decays to zero exponentially although the
condensate fraction remains finite. These predictions can be observed in the strong coupling regime.
Quantum statistical mechanics provides a general frame-
work under which the characterization of equilibrium states
of many-body systems is well established. To describe sys-
tems slightly perturbed out of equilibrium, the linear response
theory turns out to be extremely successful. Much is less
known, however, on the quantum coherent dynamics of a sys-
tem far-from-equilibrium. A main reason for that can be as-
cribed to the fact that such dynamics is generally difficult to
access in experiments due to unavoidable relaxation and dissi-
pation from interactions with the environment. However, the
dynamics of quantum systems far-from-equilibrium is of great
interest from a fundamental viewpoint because it can provide
us with the properties of the system beyond ground state, for
instance, excitations, thermalization, (dynamical) phase tran-
sitions and related universalities [1–6]; see more details in a
recent Review [7]. In this regard, ultracold atom systems pro-
vide a new platform for the exploration of intriguing far-from-
equilibrium coherent dynamics [4, 8, 9]. This is made possi-
ble by the precise control of key parameters in cold atomic
systems as well as the ideal isolation from environment [10].
For these reasons, the coherent dynamics of the s-wave
Bardeen-Cooper-Schrieffer (BCS) superfluid has been inten-
sively studied over the past decade [11–18]. In these theoreti-
cal studies, via the so-called Anderson’s pseudospin represen-
tation, the BCS model can be exactly mapped into a classical
spin model, which is proven to be integrable and can be solved
exactly using the auxiliary Lax vector method [19, 20]. It has
been shown that the quench dynamics of the system depends
strongly on both the initial and the final values of the quench
parameter, which is often chosen to be the interaction strength.
In general, three different phases can be identified according
to the long-time asymptotic behavior of the order parameter:
the undamped oscillation phase (synchronization phase), the
damped oscillation phase, and the over-damped phase. Inte-
grability of the Hamiltonian is essential to understand these
results. The p-wave superfluid has the same mathematical
structure as the s-wave superfluid, thus similar phases are ob-
served in a recent study [21, 22]. As the p-wave superfluid
supports topological phases, a quenched p-wave superfluid is
found to support dynamical topological phases within certain
parameter regimes. However, Fermi gas with p-wave inter-
action, realized by tuning the system close to a p-wave Fes-
hbach resonance, suffers from strong incoherent losses due
to inelastic collisions [23]. On the other hand, one may re-
alize cold atomic systems with effective p-wave interaction.
Such candidates include ultracold polar molecules with long-
range dipolar interaction[24] and spin-1/2 Fermi gases subject
to synthetic partial waves[25]. Both of these systems are be-
ing intensively investigated in cold atom research.
In this Article, we study the quench dynamics and topolog-
ical edge states in a spin-orbit (SO) coupled superfluid Fermi
gas in two dimension (2D), motivated by the very recent
realization of SO coupling in ultracold atoms [26–31]. The
ground state of this system can be topologically nontrivial
in some parameter regimes [33–50]. This is because the
SO coupling, Zeeman field and s-wave interaction together
can lead to effective p-wave pairing. This system possesses
several control parameters that can be readily tuned in experi-
ments, which makes it ideal to study the far-from-equilibrium
coherent dynamics and related topological phase transitions.
However, the simultaneous presence of the SO coupling and
the Zeeman field breaks the integrability of this model[32],
and change the system from a single-band to a two-band
structure. It is therefore natural to ask the fundamental
question: ”What types of post-quench dynamical phases this
system will exhibit, and how do these dynamical phases differ
from the ones supported by the integrable models?” In our
study, we choose the Zeeman field as the quench parameter
for the reasons to be discussed below. It is quite surprising
that all the phases supported by the integrable model still exist
in our non-integrable system, although there exists unique
topological features in our system. We provide a complete
phase diagram and investigate each phases in details. We
also show how dynamical topological phases, which can sup-
port topologically protected edge states, emerge in this model.
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Model Hamiltonian We consider a 2D system of uniform
SO coupled degenerate Fermi gas with s-wave interaction
confined in the xy-plane, whose Hamiltonian is written as
H = H0 + V , where (~ = 1)
H0 =
∑
k,s,s′
c†ks [ξk + α(kyσx − kxσy) + hσz]ss′ cks′ ,
V = g
∑
k,k′,q
c†k+q↑c
†
k′−q↓ck′↓ck↑, (1)
where s, s′ =↑, ↓ label the pseudospins represented by two
atomic hyperfine states, k is the momentum operator, ξk =
k − µ, where k = k2/2m denotes kinetic energy and µ is
the chemical potential, α is the Rashba SO coupling strength,
σx,y,z are the Pauli matrices, h is the Zeeman field along the
z-axis, cks is the annihilation operator which annihilates a
fermion with momentum k and spin s, and g represents the
inter-species s-wave interaction strength. Notice that the 2D
system is created from the three dimensional system by ap-
plying a strong confinement along the z-axis, thus g in princi-
ple can be controlled by both confinement and Feshbach res-
onance. This 2D degenerate Fermi gas has been realized in
recent experiments [51–54].
We consider the quench dynamics of the Fermi gas at the
mean field level, thus the potential defect production, i.e.,
the so-called Kibble-Zurek mechanism, after the quench is
not considered. Imagine that we prepare the initial system
in the ground state with Zeeman field hi. At time t = 0+,
we suddenly change the Zeeman field from hi to some final
value hf . This scheme should be in stark contrast to previ-
ous literatures, in which the interaction strength g generally
serves as the quench parameter [11–18, 21, 22]. We choose
the Zeeman field as our quench parameter for the following
reasons. (1) As we shall show in the discussion of the ground
state properties of this system, the Zeeman field directly de-
termines the topological structure of the ground state. (2) In
SO coupled quantum gases, the laser intensity and/or detun-
ing serve as effective Zeeman field, and these parameters can
be changed in a very short time scale, satisfying the criterion
for a sudden quench. By contrast, a change of the interaction
strength is achieved by tuning the magnetic field, via Fesh-
bach resonance, which usually cannot be done very rapidly.
(3) Moreover, changing the effective Zeeman field in SO cou-
pled quantum gases has already been demonstrated in recent
experiments [26–30], in which both the magnitude and the
sign of the Zeeman field can be changed.
The superfluid order parameter is defined as ∆ =
gΣk〈c−k↓ck↑〉 and the interaction term can be rewritten as
V → ∆∗c−k↓ck↑+∆c†k↑c†−k↓−|∆|2/g. Therefore, under the
Numbu spinor basis Ψk = (ck↑, ck↓,−c†−k↓, c†−k↑)T , the to-
tal Hamiltonian becomesH = ΣkΨ†kMkΨk−|∆|2/g, where
the Bogoliubov-de Gennes (BdG) operator reads as [33, 34]
Mk = 1
2
(
H0(k) ∆
∆∗ −σyH∗0 (−k)σy
)
. (2)
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FIG. 1. Topological phase transition in spin-orbit coupled su-
perfluids. (a) Plot of E0 (energy gap at zero momentum), ∆, and
µ as functions of h. The arrow marks the critical Zeeman field
hc ∼ 0.545EF . The topological phase transition is characterized
by the topology of the ground state instead of symmetry because no
spontaneous symmetry breaking takes place across the phase tran-
sition point. (b) Plot of the total spin polarization Sp and zero mo-
mentum spin population Sz(0) as a function of Zeeman field. Sp is
a smooth function of h, whereas Sz(0) jumps at hc due to band in-
version transition. Sexp is the spin population averaged over a region
in momentum space (see text), which mimics the possible finite mo-
mentum resolution in realistic experiments. Throughout this paper if
not specified otherwise we take Eb = 0.2EF and αkF = 1.2EF .
Assuming fk± = (uk±, vk±, pk±, qk±)T are the two en-
ergy levels of Mk with positive eigenvalues, the order pa-
rameter can be determined by solving the gap equation
∆ = −gΣk(vk+q∗k+ + vk−q∗k−) self-consistently. Here the
bare interaction strength g should be regularized by 1/g =
−∑k 1/(2k + Eb) [34]. As a result, in the following, the
interaction strength is quantitatively defined by the binding
energy Eb ∈ [0,∞).
The coherent dynamics of this model cannot be solved due
to the lack of any nontrivial symmetry [32], thus it should be
computed numerically. As a reasonable but general assump-
tion, we assume that the wavefunction, after quench, is still
BCS-like, i.e., |ψ(t)〉 = ∏k,s=± f†k±(t)Ψk|0〉, where the dy-
namics of the vectors fk±(t) are determined by the following
time-dependent BdG equation
i
∂
∂t
fk± =Mkfk±. (3)
Here Mk is the time-dependent BdG Hamiltonian in which
∆(t) now evolves in time after the quench.
Ground State Properties. Before we turn to the discussion
of the quench dynamics, let us first briefly outline the ground
state properties of the system. The most salient feature of
the system is a topological phase transition induced by the
Zeeman field [33–36, 39–47]. Without the loss of generality,
we assume that h ≥ 0, in which case, the spin-up atom (spin-
down atom) represents the minority (majority) species. It is
well known that the topology of the superfluid is encoded in
the topological indexW , which corresponds to the topological
state with W = 1 if h >
√
µ2 + ∆2, while h <
√
µ2 + ∆2
yields W = 0 and the state is non-topological. In Fig. 1(a),
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FIG. 2. Topological properties of the spin texture. (a), (b) Spin texture for the normalized spin vector s (Skyrmion) of the ground state
of a non-topological state (h = 0.4EF ) and a topological state (h = 0.7EF ), respectively. For the parameter we used, hc ∼ 0.545EF , see
also Fig. 1 (a). The corresponding z-component of the spin vector, Sz(k), are plotted in (c) and (d). (e) and (f) represent schematic plot of
the mapping from the 2D momentum space onto a unit sphere for non-topological phase and topological phase, respectively. The darker green
region represents the area swept out by the spin vector when the momentum k varies from 0 to∞.
we show how µ, ∆ and the single-particle excitation gap E0
at zero momentum change as a function of the Zeeman field
h. At the critical point, hc =
√
µ2 + ∆2, the excitation gap
E0 vanishes, indicating a topological phase transition. This
feature is also essential for the realization of the long-time
far-from-equilibrium coherent evolution; see Discussion.
To see this phase transition more clearly, we also exam-
ine the momentum space spin texture. The spin vector is
defined as S(k) = (c†k↑, c
†
k↓)σ (ck↑, ck↓)
T , with the corre-
sponding ground state expectation value given by 〈Sx(k)〉 =
2
∑
η=±<[p∗kηqkη], 〈Sy(k)〉 = 2
∑
η=± =[p∗kηqkη], and
〈Sz(k)〉 =
∑
η=±(|qkη|2 − |pkη|2). As shown in Fig. 1(b),
we find that 〈Sz(0)〉, the spin component along the z-axis
(which is just the population difference between the two spin
species) at k = 0, jumps discontinuously when the Zeeman
field crosses the critical value hc, while the total spin polariza-
tion which is defined as Sp = (n↑−n↓)/n, changes smoothly
with respect to h. We emphasize that the jump of Sz(0) across
the topological boundary is still visible if we take the finite
momentum resolution into account, as will be the case in re-
alistic experiments; see curve Sexp =
∫
dkSz(k)/
∫
dkn(k)
in Fig. 1 (b), where n(k) is the total density at momentum k
and the integral is performed in a circular area in momentum
space centered at k = 0 with a radius of 0.1kF . In fact, as
shown below, the jump of 〈Sz(0)〉 just implies a change of
topology of the spin texture.
Typical spin textures for h < hc and h > hc are plotted in
Fig. 2(a) and (b), respectively. The topology of the system can
be characterized by the Skyrmion number defined as
Q =
∫
d2k
2pi
[
s · (∂kxs× ∂kys)
]
, (4)
where s(k) = 〈S(k)〉/|〈S(k)〉| is the normalized spin vector,
which maps the 2D momentum space to a unit sphere S2. In
this sense,Q is nothing but the number of times the spin vector
wraps around the south hemisphere. Note that for momenta
with fixed magnitude |k|, sx and sy always sweep out a circle
parallel to the equator. In the topologically trivial regime, we
always have sz(0) = 0, see Fig. 2(c). Hence as |k| increases
from zero, s begins at the equator, descends toward the south
pole and then returns to the equator as |k| → ∞. Thus in this
regime, s(k) initially sweeps out the darker green region in
the southern hemisphere of Fig. 2(e), but then unsweeps the
same area, resulting in a vanishing winding number Q = 0.
In contrast, in the topologically nontrivial regime, we have
sz(0) = −1, see Fig. 2(d). Hence as |k| increases from zero to
infinity, the spin vector covers the entire southern hemisphere
exactly once, as shown schematically in Fig. 2(f), which leads
4to a nontrivial winding number Q = −1. The sudden change
of spin polarization is due to band inversion transition across
the critical point.
It is worth pointing out that, for any quench, we always
have ∂∂t 〈Sz(0, t)〉 = 0 (see Methods), regardless of the initial
and final values of h. Therefore, Q is unchanged over time
after the quench. We can see that, the Q and W are equivalent
at equilibrium, but their dynamics after a sudden quench are
different. As shown below, W , which describes the topology
of the full spectrum of the Hamiltonian, will evolve in time,
while Q, which reflects the topological nature of the the state
itself, will not. A similar conclusion is found in the study of
the quenched p-wave superfluid [21, 22]. We emphasize that
the momentum space spin texture studied here can be mea-
sured in cold atom experiments using the standard time-of-
flight technique [29, 55, 56].
Dynamical phase diagram. We now turn to our discus-
sion on the quench dynamics. As in Refs. [21, 22], we cap-
ture the dynamics using a phase diagram presented in Fig. 3.
The phase diagram contains three different dynamical phases
(which should not be confused with the equilibrium phases
of a many-body system), identified by the distinct long-time
asymptotic behavior of the order parameter in the parameter
space spanned by the initial and final values of the Zeeman
field hi and hf . The three phases are labeled as phase I, II
and III in Fig. 3. More specifically, in the undamped oscil-
lation phase (phase I), the magnitude of the order parameter
oscillates periodically without damping, although the wave-
function does not recover itself periodically. Away from the
phase boundaries, the oscillation amplitude can be as large
as a significant fraction of EF (see Fig. 4 below). In the
damped oscillation (phase II) regime, the order parameter ex-
hibits damped oscillation with a power-law decay to a finite
value. In the overdamped phase (phase III), the order param-
eter decays to zero exponentially. We also show that within
phase I and II, there exists dynamical topological regimes
where topological edge states emerge in the asymptotic limit.
Next, we shall discuss the properties of each phase in more
details.
Phase I. In Fig. 4 we plot the dynamics of the magnitude
of the order parameter for a typical point in phase I (point A
in Fig. 3), from which we find that |∆(t)| oscillates asymptot-
ically as [16]
|∆(t)| = ∆+dn[∆+(t− τ0/2), κ], κ = 1−∆2−/∆2+, (5)
where dn[u, k] is the periodic Jacobi elliptic function, and ∆+
and ∆− are the maximum and minimum value of |∆(t)|, re-
spectively. This expression was first derived by Barankov et
al. for the weakly-interacting conventional BCS superfluid
[16]. The fitted result using this empirical formula are pre-
sented in Fig. 4 as dashed line, which fits the numerical re-
sults surprisingly well. This phase can be understood from
the picture of synchronization effect. In the previous studies
of integrable BCS models [13, 16, 22], each Cooper pair—
consisting of two particles with momentum k and −k—can
be mapped into a classical spin parameterized by k, whose
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FIG. 3. Phase diagram of the quenched spin-orbit coupled su-
perfluid condensate. The different phases in this figure is obtained
by the long-time asymptotic behavior of the order parameter upon
the quench of the Zeeman field from initial value hi to final value
hf . The diagonal light blue line, with hi = hf , is the case with-
out quench, thus the quantum state is unchanged. hc marks the
quantum critical point separating the topological superfluid and non-
topological superfluid in the equilibrium ground state, which is de-
termined by h2c = ∆2 + µ2. Three different dynamical phases ob-
served in this system are labeled with I, II, and III by green, white
and purple shaded areas, respectively. In phase I, |∆(t)| shows per-
sistent oscillations, which is from the collisionless coherent dynam-
ics. The dark blue dashed line separates phase I into non-topological
Floquet state denoted as NTSFloquet and topological Floquet state la-
beled as TSFloquet. In phase II, |∆(t)| → ∆∞, a nonzero constant
value, which serves as the basic parameter to determine the long-
time asymptotic behavior. The orange dashed lines are the non-
equilibrium extension of the topological phase transition at h = hc,
which separates phase II into two parts, NTS and TS accordingly.
Inside NTS (TS) region, the energy spectrum of quasi-stationary
Hamiltonian is trivial (nontrivial) without (with) topologically pro-
tected edge modes. W = 0 or 1 marks the topological index at
t = +∞. In phase III, |∆(t)| → 0 due to strong dephasing from
the out-of-phase collisions. We need to emphasize that the transition
between various phases is smooth. However, these different phases
are well distinguished not very close to the boundaries (distance >
0.1 EF ). All other parameters are identical to Fig. 1. We have re-
peated the same calculation for several different values of SO cou-
pling strengths and found no qualitative differences.
dynamics can be described as a precession around an effec-
tive Zeeman field. The effective Zeeman field are contructed
from the order parameter and the kinetic energy of the Cooper
pair. For a large order parameter such that the contribution
from the kinetic energy is small, the effective Zeeman field
is essentially the same for different Cooper pairs and as a re-
sult, all Cooper pairs precess with roughly the same frequency
50 50 100 150
0
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0
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FIG. 4. Dynamics of order parameter and spin polarization in
phase I. We plot the result for point A (hi = 2.1, hf = 0)EF in
Fig. 3 with green solid line. The purple dashed line is the best fit us-
ing Eq. (5) with fitted parameter ∆+ = 0.282EF , ∆− = 0.047EF .
Inset shows the dynamics of spin polarization after quench, which
quickly approaches a constant at the time scale of few 1/EF .
and phase coherence is therefore maintained. Here we reinter-
pret the synchronization effect as a consequence of the strong
condensation formed by Bose condensed Cooper pairs. The
condensate ensure phase coherence of the constituent Cooper
pairs. This reinterpretation is fully consistent with the spin
precession picture, however it now becomes clear that the syn-
chronization effect does not rely on whether the system is in-
tegrable or not. To substantiate this reinterpretation, we first
notice that the Phase I region occurs in the parameter space
where |hf | < |hi|, for which shortly after the quench the or-
der parameter is increased. Second, we artificially include a
finite temperature T in the post-quench dynamical evoltion.
For small T , the behavior of the order parameter remains es-
sentially the same as the zero-temperature result. For large
T , however, the order parameter no longer exhibits undamped
oscillation, but rather decays to a constant. For the parameters
used in Fig 4, this occurs when T ? 0.2EF . Such a behav-
ior can be easily undersood as a sufficiently large T destroys
the condensate and hence phase coherence between different
Cooper pairs is lost.
To gain more insights into this persistent oscillating behav-
ior, it is helpful to investigate the spin population dynamics.
We found that, as shown in the inset of Fig. 4, the persis-
tent oscillation of the order parameter is not accompanied by
a similar oscillation in the spin population. In fact, after the
quench Sp exhibits damped oscillation and quickly reaches a
steady-state value. Recently, the dynamics of the spin polar-
ization after quench in a Fermi gas above the critical tempera-
ture has been measured in experiments [28]. The decay of the
spin polarization can be attributed to the interband Rabi os-
cillation, in which, different momentum state has slightly dif-
ferent Rabi frequency, such that destructive interference gives
rise to the damping phenomenon.
Equation (5) provides an empirical formula for the asymp-
totic dynamics of the |∆(t)|. The order parameter itself be-
haves like ∆(t) = |∆(t)|e−i2µ∞t+iϕ(t) [21, 22], where ϕ(t)
(modulo 2pi) is also a periodic function with commensurate
period to |∆(t)|. The phase factor’s linear piece in time,
−2µ∞t, can be gauged out by a unitary transformation (see
Methods) [22]. After the gauge transformation, we obtain a
BdG Hamiltonian M˜k(t) that is periodic in time. For such
a periodic system, we may invoke the Floquet theorem to ex-
amine its Floquet spectrum. To determine whether the system
is topological in the Floquet sense, we calculate the spectrum
εk± in a strip by adding a hard-wall boundary condition in
the x-direction. Two examples of the spectrum are plotted in
Fig. 5. In the example shown in Fig. 5(a), the spectrum is
gapped, corresponding to a topologically trivial Floquet state.
By contrast, the spectrum shown in Fig. 5(b), exhibits gapless
modes at ky = 0. An enlarged view of these modes are pre-
sented in Fig. 5(c). Note that due to the finite-size effect, the
energies of these gapless modes are not exactly zero, but on
the order of 10−3EF and are well separated from the rest of
the spectrum. In Fig. 5(d), we show the evolution of the wave-
functions of one pair of the gapless modes over one oscillation
period. As one can see, the gapless modes are well localized at
the boundaries. Furthermore, we have verified that their wave-
functions satisfy the requirement for Majorana modes. Hence
these gapless excitations represent the Majorana edge modes
and the system can therefore be characterized as a topological
Floquet state. We have also verified that the edge states with
the same chirality are localized at the same boundary. Thus no
direct coupling is allowed between them due to particle-hole
symmetry (see Method). This explains the robustness of the
edge modes in a perturbative viewpoint, even though there can
exist multiple edge modes near the same boundary. For more
details, see Methods. We note that the number of the edge
modes depends on the parameter set. For the example shown
in Fig. 5(b), there are 7 pair of edge modes. In the phase dia-
gram of Fig. 3, inside phase I, the two dark blue dashed lines
characterize the topological boundaries, which separate the
non-topological states denoted by NTSFloquet from the topo-
logical states denoted by TSFloquet.
Phase II. In this damped phase, the magnitude of the order
parameter undergoes damped oscillation and tends to a finite
equilibrium value. Two examples (corresponding to points B
and C in Fig. 3) are shown in Fig. 6. Here the magnitude of the
order parameter can be described by the following power-law
decay function [11–14]
|∆(t)| = ∆∞ + A
tν
cos(2E∞g t+ θ), (6)
where ∆∞ is the magnitude of the order parameter in the
asymptotic limit, which in general does not equal to the order
parameter ∆f determined by the Zeeman field hf at equilib-
rium. E∞g is the minimal band gap of the effective Hamilto-
nian at t → ∞. It should be pointed out that, unlike the con-
ventional BCS model, E∞g does not in general equal to ∆∞
in the current model, due to the presence of the SO coupling
and the Zeeman field. The second term on the r.h.s. of Eq. (6)
gives rise to the decay of the order parameter. The exponent ν,
characterizing the power-law decay, is not a universal constant
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FIG. 5. Dynamical Floquet state in a strip for phase I. Imposing a
strip geometry, we find the quasiparticle spectrum is trivial (gapped)
in (a) (hi = 1.5, hf = 0.3)EF and topologically nontrivial (gap-
less) in (b) (hi = 2.1, hf = 0.9)EF . Seven pairs of edge states with
linear dispersion at small k have been identified in (b), which is a
direct manifestation of bulk topology based on bulk-edge correspon-
dence. (c) An enlarged view of the low-lying quasiparticle spectrum
at ky = 0. Here n is the index for quasiparticle states (see Methods).
(d) Evolution of the wavefunction for one pair of edge states (the two
symbols shown in purple in (c), n = 249 and n = 250) in one full
period. Here we only plot the |u|2 component of the wavefunction,
and the other components show a similar behavior, i.e., they are also
well localized near the boundary.
in this model. This is in distinct contrast to the conventional
BCS model, where ν = 1/2 [11, 13, 14] in the BCS limit, and
ν = 3/2 [12] in the Bose-Einstein Condensation (BEC) limit.
In this phase, the order parameter behaves as ∆(t) =
∆∞e−i2µ∞t in the asymptotic limit [21, 22]. Again we can
gauge out the phase factor linear in time and treat µ∞ as an
effective chemical potential [22]. We can therefore construct
a time-independent BdG Hamiltonian by replacing the chem-
ical potential and order parameter in Eq. (2) with µ∞ and
∆∞, respectively. This is still a dynamical phase because
µ∞ 6= µf , and ∆∞ 6= ∆f , where ∆f and µf are equi-
librium order parameter and chemical potential with Zeeman
field hf . For example, for point B, we have ∆f = 0.662EF
and µf = 0.199EF , whereas numerically we obtain ∆∞ ≈
0.456EF and µ∞ ≈ −0.019EF . Given the asymptotic time-
independent BdG Hamiltonian, the region of the dynamical
topological phase can be determined by the condition
h2f > |∆∞|2 + µ2∞, (7)
with a topological index W = 1, otherwise we have a non-
topological dynamical phase withW = 0. In the following we
will show that dynamical edge state can indeed be observed in
the topological regime. We have also calculated the Chern
number C = i2pi
∑
n<0
∫
dkxdkyε
ab〈∂kaψnk|∂kbψnk〉 of the
system, where n < 0 means that we sum over all occupied
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FIG. 6. Dynamics of order parameter and spin texture in phase
II. Green line represents dynamics for point B (hi = 0.9, hf =
0)EF and the purple line is the result for point C (hi = 0.3, hf =
1.2)EF in Fig. 3, and dashed lines represent the fitted curve using
Eq. (6). For point B (blue dashed line), ∆∞ = 0.455EF , E∞g =
0.456EF , A = −0.16E1+νF , θ = pi/4, and ν = 1/2 while for point
C (black dot-dashed line), ∆∞ = 0.19EF , E∞g = 0.16EF , A =
0.2E1+νF , θ = pi/4 and ν = 3/4. Inset shows the corresponding
dynamics of the spin polarization, with green line for point B and
red line for point C.
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FIG. 7. Dynamical edge state in a strip for phase II. (a) Energy
gap at k = 0, E∞0 = |hf −
√|∆∞|2 + µ2∞|, as a function of final
Zeeman field. The closing and reopening of energy gap E∞0 sig-
nals a transition from a trivial phase (W = 0) to topological phase
W = 1 at hc = 0.53EF . In this plot hi = 0.6EF is used, and
all the other parameters are identical to that in Fig. 1. (b) - (d) show
the band structure in a strip geometry with hard wall boundary con-
dition. Robust edge states with linear dispersion can be observed in
the topological phase regime. The final Zeeman field from (b) to (d)
are 0.4EF , 0.55EF , and 0.7EF , respectively.
bands of effective time-independent Hamiltonian [see Eq. (14)
in Methods]. We find that C = 1 (0) in the topological (non-
topological) regime defined above.
The topological nature of the system can also be manifested
by examining the existence of the Majorana edge modes. To
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FIG. 8. Dynamics of order parameter and condensate fraction in
phase III. We plot the result for point D (hi = 0.3, hf = 2.4)EF
in Fig. 3. Inset shows the dynamics of condensate fraction of sin-
glet pairing ns (green) and triplet pairing nt (purple), which remains
finite values although |∆(t)| approaches zero in the long-time limit.
this end, we obtain the BdG spectrum by adding a hard-
wall boundary along the x-direction. Examples are shown
in Fig. 7. We show the energy gap at zero momentum at
t = ∞, E∞0 = |hf −
√
µ2∞ + |∆∞|2|, as a function of
the final Zeeman field hf in Fig. 7(a) for fixed initial Zeeman
field. The closing and reopening of the energy gapE∞0 signals
the dynamical topological phase transition. Indeed, we show
that zero-energy dynamical edge state can be observed in the
topological regime, see Fig. 7(d), where the bulk spectrum is
gapped and the edge state is gapless.
Phase III. In phase III, the order parameter quickly decays
to zero (see Fig. 8) according to ∆(t) ∼ exp(−t/T ∗), where
T ∗ ∼ 1/∆, the decay time, is equal to the order parameter
dynamical time (see Discussion). However, we need to em-
phasize that a vanishing order parameter does not mean that
the system has become a normal gas. We demonstrate this
by showing the dynamics of both the singlet and the triplet
condensate fraction, defined as ns =
∑
k |〈ck↑c−k↓〉|2/n and
nt =
∑
k |〈ck↑c−k↑〉|2/n. One can see that in the long-time
limit, the condensate fraction remains non-zero even though
the order parameter vanishes. Non-zero condensate fraction
means that the system still contains nontrivial pairings.
However, the pairing field for different momenta oscillates at
different frequencies, which leads to dephasing and hence a
vanishing order parameter.
Discussion
In this Article, we have demonstrated that dynamical topo-
logical phases can be realized in an SO coupled degener-
ate Fermi gas by quenching Zeeman field. The Zeeman
field directly determines the topological properties of the
ground state, which is completely characterized by the zero-
momentum spin polarization Sz(0), a quantity that is directly
measurable in cold atom experiments using the standard time-
of-flight technique. We have further mapped out the post-
quench phase diagram according to the asymptotic behavior
of the order parameter. In the undamped phase, the persis-
tent oscillation of the order parameter may support topological
Floquet state with multiple edge states. In the damped phase,
the magnitude of the order parameter gradually approaches a
constant via a power-law decay, and this phase contains a dy-
namical topological portion in certain parameter regions. One
pair of edge modes can be observed in this case. In the over-
damped phase, the order parameter quickly decays to zero ex-
ponentially while the condensate fraction remains finite.
The presence of the SO coupling and the Zeeman field
breaks the integrability of our model. However, the same
types of post-quench dynamical phases observed in our model
are also present in integrable models studied previously. This
raises the important question on the relationship between inte-
grability and the long-time asymptotic post-quench behavior
of the superfluid/superconducting system. This issue has been
intensively investigated in other models regarding relaxation,
thermalization and phase transitions [2, 7], in which integra-
bility plays the most essential role therein. Our work here
shows that this is a rather subtle question and further studies
are needed to provide a definitive answer.
We finally comment on the feasibility of observing the
exotic dynamical topological phases unveiled in this Article.
The dynamics of the superfluids are mainly determined by
two characteristic time scales, that is, the energy relaxation
time τ ∼ EF /E2g , where Eg is the energy gap of the
superfluids before quench, and the order parameter dynamical
time τ∆ ∼ 1/∆. As we have already mentioned, the quench
of the effective Zeeman field in SO coupled Fermi gases
can be achieved at a time scale much smaller than 1/EF
[30]. The far-from-equilibrium coherent evolution can be
realized when τ > t ≥ τ∆ [13, 16]. The ultracold Fermi
gas provides a natural system to explore the physics in the
far-from-equilibrium condition at a time scale of 1/EF .
In the BCS limit ∆ =
√
2EFEb approaches zero. Thus
Eg = ∆  EF (µ > 0 in the BCS limit), and we immedi-
ately have τ  τ∆ (Using point A in Fig. 3 as an example,
we have ∆ ∼ 0.013EF , µ ∼ 0.7EF , Eg ∼ 0.009EF , thus
τ∆ ∼ 70/EF and τ ∼ 104/EF ∼ 160τ∆). In our system,
the SO coupling and the Zeeman field can greatly change the
band structure of the superfluids. For example, the energy
gap is no longer determined solely by the order parameter
and chemical potential, but instead, it is a very complicated
function of all parameters; see Methods. At the boundary of
topological phase transition, we have Eg = E0 = 0. In the
vicinity of this boundary, τ ∼ EF /(h −
√
∆2 + µ2)2, we
naturally expect that τ  τ∆. We should emphasize that
this condition, which can only be realized in the BCS limit
in a conventional s-wave superfluid, can now be realized
very easily in a SO coupled model in the strong coupling
regime because of the different parameter dependence for
these two time scales. Meanwhile, the temperature effect
is also a critical issue in ultracold atomic system. In the
BCS limit, we expect Tc = 2EF e
γ
pi
√
Eb/2EF ∼ 12∆ for a
conventional superfluid [57], where γ ' 0.577 is the Euler’s
constant. The required temperature is thus very low in order
8to observe the coherent dynamics of superfluids, which poses
a great challenge to the experiments [51–54]. This dilemma
can be resolved in our model because of the dramatic change
in band structure caused by the SO coupling and the Zeeman
field. In the strong coupling regime, we expect the relevant
temperature to be determined by the Kosterlitz-Thouless
transition temperature TKT ∼ 0.1EF [34, 57], which is
experimentally accessible within current technology [51–54].
In fact, the temperature effect may become important only
when T  ∆, in which case the pairing may be destroyed.
For example, we have verified that the persistent oscillations
in phase I regime can still be observed if we add a small finite
temperature T in the time-dependent BdG equation. More
specifically, for the parameter set used in Fig. 4, oscillations
can be observed up to T ≈ 0.2EF . For these reasons, we
expect that the relevant dynamics of the order parameter and
associated dynamical topological phase transitions in phase I
and phase II regimes can be realized using realistic cold atom
setup at the currently achievable temperatures.
Methods
Equation of motion. The basic Hamiltonian in Eq. (1) is
solved under the Bogoliubov-de Gennes formalism by defin-
ing the order parameter ∆ = −g∑k〈ck↑c−k↓〉. Then the
dynamics of the model is governed by the effective Hamilto-
nian Mk in Eq. (2). The initial value of chemical potential
and order parameter are determined by minimizing the ther-
modynamical potential [33–36, 39–47], which is equivalent
to solving the gap equation
∑
k
[
1
2k + Eb
−
∑
s=±
E0 + sh
2
4E0E
+
ks
]
= 0, (8)
and number equation
n =
∑
k
[
1−
∑
s=±
ξk
2
E0 + s(h
2 + α2k2)
E0E
+
ks
]
, (9)
where Eηk± = η
√
ξ2k + α
2k2 + h2 + |∆|2 ± 2E0 are
the excitation energies, with η = ± correspond to
the particle and hole branches respectively and E0 =√
h2(ξ2k + |∆|2) + α2k2ξ2k. Throughout our numerical cal-
culations, the energy unit is chosen as the Fermi energyEF =
k2F /2m, where kF =
√
2pin is the Fermi wavenumber for
a non-interacting Fermi gas without SO coupling and Zee-
man field in 2D. We only consider the physics at zero tem-
perature. Throughout this work, we choose the binding en-
ergy Eb = 0.2EF , and the corresponding scattering length
kFa2D =
√
2EF /Eb ' 3.1623 and ln(kFa2D) ' 1.1513,
which is around the BEC-BCS crossover regime. Since
kFa2D > 1, the superfluid is composed of weakly bound
Cooper pairs. For a typical Fermi gas of 6Li, kF ∼ 1/µm,
EF ∼ 1kHz , and the relevant time scale discussed in this
work is 1/EF ∼ 1ms . The long time collective oscillations
of degenerate Fermi gas that much longer than this relevant
time scale has been demonstrated in experiments [58, 59].
The initial value of µ and ∆ can be directly determined
by solving the gap equation and number equation self-
consistently, with which the initial wavefunction at t = 0−
is constructed. In this case, the topological phase can be real-
ized when [33, 34],
h2 > µ2 + ∆2. (10)
However, this phase can only be realized in the BEC-BCS
crossover regime. A simple but intuitive argument is that, in
both the BEC and BCS limit, µ2  ∆2, thus in these two lim-
its, |h|  |∆|, and the pairing can be easily destroyed by the
Pauli depairing effect. As a result, the topological phase can
only be realized in a small parameter window near the strong
coupling regime. In the following, we choose Zeeman field
as the quench parameter instead of others, because it is the
most easily controllable parameter in the current experiments
[26–31]. Moreover, the Zeeman field is directly relevant to
the topological boundary while many-body interaction is not;
see Eq. (7) and Eq. (10).
Immediately after the quench of the Zeeman field, the sys-
tem’s wavefunction is assumed to keep the BCS form
|Ψ(t)〉 =
∏
k,±
f†k±Ψk|0〉, (11)
where fk± satisfy the time-dependent BdG equation in
Eq. (3). In fact Eq. (3) is equivalent to
i∂t|Ψ(t)〉 = H|Ψ(t)〉. (12)
The above semiclassical equation can be derived from
δΨ∗L = 0, with L = 〈Ψ|i∂t −H|Ψ〉.
Spin texture at zero momentum. The Hamiltonian at k =
0 can be reduced to
Mk=0 =

−µ+ h 0 ∆ 0
0 −µ− h 0 ∆
∆∗ 0 µ+ h 0
0 ∆∗ 0 µ− h
 . (13)
We first consider the spin texture in the stationary condi-
tion. If |h| <
√
µ2 + ∆2, the two eigenvectors with positive
eigenvalues are f0,+ = ( −µ+λ√
∆2+(µ−λ)2 , 0,
∆√
∆2+(µ−λ)2 , 0)
T
and f0,− = (0, −µ+λ√
∆2+(µ−λ)2 , 0,
∆√
∆2+(µ−λ)2 )
T respectively,
where λ =
√
µ2 + ∆2. Then, from the expression of 〈Sz(k)〉
in the main text, we can directly get that 〈Sz(0)〉 = 0 and
Q = 0, which means the system has topologically trivial spin
texture. In contrast, if |h| >
√
µ2 + ∆2, the two eigenvec-
tors will become f0,+ = ( −µ+λ√
∆2+(µ−λ)2 , 0,
∆√
∆2+(µ−λ)2 , 0)
T
and f0,− = ( −µ−λ√
∆2+(µ+λ)2
, 0, ∆√
∆2+(µ+λ)2
, 0)T respectively.
So, in this region, we will have 〈Sz(0)〉 = −1 and Q = −1,
which means the system has a topologically nontrivial spin
9texture. We see that the sudden changes of Sz(0) is due to the
band inversion transition across the critical point.
The time-evolution of Q can be discussed in a similar
way. When k = 0, we have i∂tq± = ∆∗v± − hq± and
i∂tp± = ∆∗u± + hq±. Substituting these equations into
S˙z(t) =
∑
η=± q˙
∗
ηqη + q
∗
η q˙η − p˙∗ηpη + p∗ηp˙η , we immedi-
ately find that S˙z(t) = 0. Thus we have the important con-
clusion that 〈Sz(0, t)〉 = 〈Sz(0, 0)〉, which means Q remains
unchanged over time. We need to emphasize that this spin tex-
ture is totally different from the pseudospin texture discussed
in Ref. 21. The true spin texture discussed in this work can be
directly probed in experiments from the time-of-flight imag-
ing [29, 55, 56] in whichQ(t) = Q(0) can be directly verified.
Dynamical edge state in phase II regime. In this regime,
the magnitude of the order parameter will gradually approach
a constant, while its phase factor oscillates periodically,
i.e., ∆(t) → ∆∞e−iµ∞t up to a trivial constant, which
is the only time-dependent parameter in the BdG Eq. (3).
This oscillating phase can be gauged out by defining fk± =
(u˜k±e−iµ∞t, v˜k±e−iµ∞t, p˜k±e+iµ∞t, q˜k±e+iµ∞t)T e−iEk,±t,
where f˜k± = (u˜k±, v˜k±, p˜k±, q˜k±)T . Inserting this wave-
function to Eq. (3), we find that
M˜kf˜k± = Ek,±f˜k±, (14)
where M˜k is identical to Eq. (2) except that µ = µ∞ and
∆ = ∆∞. We immediately see that µ∞ is the effective
chemical potential of the model in the quasi-equilibrium con-
dition. Note that this phase is still dynamical phase because
the µ∞ 6= µf and ∆∞ 6= ∆f , where µf and ∆f are equi-
librium chemical potential and order parameter with Zeeman
field hf ; see our numerical results in the main text. We did
not observed the abrupt change of order parameter in all our
calculations [60].
This model can support dynamical edge state in the topo-
logical regime defined by Eq. (7). Similar to the analysis in
Ref. [33], we can prove exactly that the bulk system is always
fully gapped except at the critical point of hc for k = 0. Thus
the closing and reopening of the gap provides important indi-
cations for topological phase transition. To see the topological
phase transition more clearly, we consider a strip superfluids
with length L by imposing hard wall boundary at the x direc-
tion. To this end, we replace kx → −i∂x, while ky remains as
a good quantum number. Along the x direction, we construct
the wavefunction using plane wave basis [61, 62]
u˜(x)
v˜(x)
p˜(x)
q˜(x)
 = Nmax∑
n=1
√
2
L
sin
(npix
L
)
u˜n
v˜n
p˜n
q˜n
 , (15)
where Nmax is the basis cutoff. Upon inserting this ansatz
into Eq. (14), we can convert the matrix M˜k into a 4Nmax
by 4Nmax matrix, whose diagonalization directly leads to the
protected modes of dynamical edge state dictated by nontriv-
ial topological invariants. Empirically, we found Nmax = 200
is a good basis cutoff for a long strip with L = 200k−1F . The
numerical results are presented in Fig. 7.
Dynamical Floquet state in phase I regime. For a gen-
eral periodically driven Hamiltonian Hˆk(t) with period T ,
that is, Hˆk(t) = Hˆk(t + T ), we invoke the Floquet theo-
rem to examine its Floquet spectrum. We can define the Flo-
quet wavefunction as |ϕk(t)〉 = e−iεkt|Ψk(t)〉, where ε is
the quasiparticle spectrum and |Ψk(t)〉 = |Ψk(t + T )〉, i.e.,
the wavefunction in the time-domain is also a periodic func-
tion. We are able to expand |Ψk(t)〉 =
∑
n Ψn,ke
in2pit/T .
Then we can map the time-dependent model to the time-
independent model H4(2N+1)×4(2N+1)Ψk = εΨk, where
Ψk = (Ψ−N,k,Ψ−N+1,k, · · · ,ΨN−1,k,ΨN,k)T with N be-
ing a truncation of frequencies. This model has particle-hole
symmetry defined as Σ = I2N+1 ⊗ σxK with K being the
conjugate operator and I2N+1 being an identity matrix. In
our two dimensional model, this equivalent model belongs to
topological D class with index Z.
In the long-time limit, the order parameter in phase I ap-
proaches ∆(t) = |∆∞(t)|e−2iµ∞t+iϕ(t), where |∆∞(t)| is
periodic in time, e.g. see Fig. 4. We make a gauge transfor-
mation, similar to that in Eq. (14), by identifying µ∞ as the ef-
fective chemical potential, and we obtain M˜k(t) from Eq. (2)
by replacing µ with µ∞ and ∆ with |∆(t)|eiϕ(t). Obviously,
M˜k(t) = M˜k(t + T ), where T is the period determined by
both |∆(t)| and ϕ(t). Now we assume the eigenvectors of the
above effective Hamiltonian to be f˜k±(t) = Φk±(t)e−iεk±t,
where Φk±(t+ T ) = Φk±(t). Then we have(
M˜k(t)− i∂t
)
Φk±(t) = εk±Φk±(t), (16)
where εk± is the quasiparticle dispersion. Similar to the dis-
cussion of dynamical edge state in the previous section, we
impose a hard wall boundary condition along x direction with
length L. We expand the wavefunction in the following way,
Φk± = A
Nmax∑
n=1
Mmax∑
m=−Mmax
sin(
npix
L
)e
2impit
T

u˜±nm
v˜±nm
p˜±nm
q˜±nm
 , (17)
where Nmax and Mmax are basis cutoff for the spatial and tem-
poral expansion and A = (2/LT )1/2. Then Eq. (16) can be
recast into a sparse self-adjoint complex matrix form of size
(4Nmax× (2Mmax + 1))× (4Nmax× (2Mmax + 1)). The direct
diagonalization of this matrix gives rise to Floquet spectrum.
In practice, since we are only concerned with the eigenener-
gies close to zero, we could utilize the shift and invert spectral
transformation and compute only a portion of eigenenergies
using the ARPACK library routines. For instance, we choose
cutoffs as Nmax = 200 and Mmax = 15 and only compute
500 eigenvalues around zero-energy out of total 24800 ones
for a given ky . The results are presented in Fig. 5. The ro-
bustness of these protected edge states are also examined by
slightly changing the model parameters, in which we find that
the linear dispersions of these edge states are unchanged.
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Majorana fermions at zero momentum. The intrinsic
particle-hole symmetry ensures that the zero energy states are
Majorana fermions at ky = 0 in a strip along y direction. The
wavefunction of these Majorana fermions can be constructed
using ψ = ψi ±Σψi, where ψi is the quasiparticle wavefunc-
tions with energy approach zero. We can observe: (1) The
edge states have well-defined chirality which are defined as
Σψ = ±ψ; (2) These edge modes are well-localized at the
boundaries when the strip width is much larger than the co-
herent length; (3) All the edge states with the same chirality
are localized at the same boundary; (4) For a general random
potential V , the matrix elements 〈ψi|V|ψj〉 ≡ 0 when ψi and
ψj have the same chirality. Thus these zero energy states are
robust against perturbations and the Majorana edge states can
always be observed in the topological phase regime. We have
numerically verified this point by slightly varying the param-
eters of the Hamiltonian and we find that the edge modes will
not be gapped out without closing the quasiparticle energy gap
at zero momentum.
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